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Abstract

A frequent question in finance is: “How to maximise the return of an investment

while trying to minimise its risk?”. A widely used method to significantly reduce

the exposure of an investment to risk is by grouping multiple different assets in a

single portfolio. The algorithm created in this project is a tool addressed for everyday

investing. The user gives as input parameters found from analysis (i.e. securities’

expected returns) and determines the amount of risk to be taken or the lowest wanted

return. As output portfolio weights, that match the optimal point on the efficient

frontier, are given. The algorithm supports both the creation of a new investment

position as well as the update of an old one, taking into account the transaction costs.

The main theoretical context is consisted of the Mean-Variance Portfolio Analysis,

part of H. Markowitz Modern Portfolio Theory. The concept of closely tracking a

benchmark, as well as modelling the transaction costs are considered. The appropriate

portfolio weights are calculated in order to match the discretised nature of market

securities. The main method used is convex optimisation where feasible calculation

time and computational effort are taken into account. All codes are implemented in

MATLAB using the convex programming software CVX. The algorithm successfully

gives the optimal portfolio weights that the investor should obtain on a specific time

period according to its risk, return and transaction costs desires. Additionally, the

decline of the risk (variance) as the number of securities increases and the benchmark

tracking error effect were observed and discussed.
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1 Introduction

1.1 Background

Mathematical programming or optimisation is used whenever, under some conditions, a

decision needs to be made on a set of possible options. Optimisation problems occur in

both the fields of engineering and finance and great effort is put in order to make the

algorithms not only functional but efficient too. Although they have different notation,

both fields use the same mathematical approach in order to deal with these situations.

This project gives an answer to the question: “How to maximise the return on an in-

vestment while trying to minimise its risk?”. Expected return and risk (or volatility for

securities) are the main assets’ characteristics. A way for significantly reducing the expo-

sure of an investment to risk is by investing in many different assets and grouping them

in a portfolio. This method is called portfolio diversification. The bigger the number of

assets, the less the volatile is the portfolio. The amount of risk that can be eliminated

by an appropriate asset combination is the non-systematic (or diversifiable) risk while the

systematic (or non-diversifiable) risk involves various unexpected events, such as a flood

or a war break out, and it cannot be eliminated.[1][2]

1.2 Valuing Methods

For securities both risk and return can be analysed from the fundamental, technical and

sentimental point of view. In the fundamental analysis, analysts try to estimate the over-

all value of the company that is issuing the security in order to make assumptions. Aside

from the markets’ quantitative factors, the general economic context is taken into account,

including macroeconomic and company-specific quantitative/qualitative factors.[3] Tech-

nical analysis is based only on market statistics. In terms of the volatility, analysts use

historical charts to calculate the variance per item and the covariance in between items.

An asset’s risk is directly measured from its variance, while how it performs regarding

to others is calculated by their covariance matrix. The expected return is estimated in

a same manner using only quantitative models on historical values in order to make pre-

dictions for the future.[4] Thirdly, the sentimental analysis covers factors such as global

events or opinions that have an indirect, yet very significant, effect on the securities’ price

and return.[5]
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1.3 Portfolio Theory & Optimisation

The main parameter that affects the portfolio synthesis is the correlation of the included

assets’ behaviours which are indicated by their covariance matrix. A simple example to

illustrate the effect of correlation is to consider a simple two-asset type portfolio. We then

distinguish the two extremes, the assets being: (a) perfectly positive correlated (Figure 1a)

and (b) perfectly negative correlated (uncorrelated) (Figure 1b). In the first case the two

assets have the same volatility and their return graphs present identical fluctuations. In

that case an optimal risk-averse portfolio cannot be created as any combination is equally

exposed to the initial assets volatility. In the second case, each of the two return graphs

has exactly the opposite variations. Therefore, the optimal portfolio, in that case, has

equal weights of a half per asset which cancels the portfolios overall volatility (i.e. when

the one presents loss, the other cancels it with the same amount of return and vice versa).

Theoretically, this is the best possible case if we want to eliminate the diversifiable risk

but it is impossible to actually achieve it.[1] For this reason, in reality many assets of

different characteristics are put together in different proportions in order to get as close

as possible to the best result. Portfolio managers constitute their portfolios from a wide

range of assets, such as from different industries or even from different countries, according

to their forecasts.[6]

Figure 1: Assets 1&2: (a) perfectly correlated, (b) perfectly uncorrelated.

Our goal is achieved through solving an optimisation problem that finds the best port-

folio weights for a set of predetermined assets. The investor might be either starting a

new investment position or already having an initial portfolio in which case the program

optimally updates it. Risk, return and transaction costs are all taken into account.
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2 Aims & Deliverables

The purpose of this project is to apply some optimisation tools developed in engineering

into common problems that arise in finance. The main problem is to get the optimal port-

folio weights so that either the return is maximised, the risk is minimised or a trade-off

in between according to the user’s desires. Secondly, the user can control the transaction

load by choosing how much he wants to spend on transaction costs. For example, this

helps in a situation which the investor wants to liquify all his investments even though it

is not the optimal decision in terms of return.

The deliverable is a feasible algorithm that addresses both professionals, handling dozens

of portfolios, or individual investors. It takes as input data regarding the behaviour of

particular assets, predicted or calculated from market analysis. As output it gives the

optimal portfolio updates (buy/sell/stay, per asset) for the user to make, measuring all

figures and parameters.

All coding and simulations are made via MATLAB using the convex programming software

CVX. In particular, the semidefinite programming extension is used for the posture of the

problem.

3 Notation

The notation used to illustrate the theoretical context is summarised below. For each of

the symbols that appear in the code, its representation is shown in parenthesis.

Rm = set of all real valued m× 1 vectors

Rm×n = set of all real valued m× n matrices

AT (A’) = transpose of matrix A

A ≥ 0 (A ≤ 0) = positive (negative) semidefinite matrix A

Om×n = m× n null matrix

Im (eye(m)) = identity matrix of dimension m

1 (e) = ones vector
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m (m) = number of assets

bt (bt) = total budget (invested and free combined)

bt0 (bt0) = initial invested budget

c (c) = free budget (amount to be invested)

y (y) = expected returns per asset vector

y0 (y0) = minimum portfolio expected return

y1 (y1) = overall portfolio expected return

g (g) = maximum accepted portfolio variance (risk)

Σ (S) = symmetric covariance matrix

x (x) = optimal portfolio weights (decision) vector

x0 (x0) = initial portfolio weights vector

xd (xd) = optimal portfolio update weights vector

χ (chi) = optimal portfolio amounts vector

p (p) = asset prices vector

Nt (numt) = optimal portfolio’s asset quantities vector

N0 (num0) = portfolio’s initial asset quantities vector

N (num) = traded asset quantities vector

λ (lambda) = risk aversion coefficient

λTC (ltc) = transaction costs aversion coefficient

TC (tc) = total transaction costs for the update

z (z) = indicator function vector

α (alpha) = constant amount in transaction costs

β (beta) = percentage on the traded amount in transaction costs

xb (xb) = benchmark index weights vector (normalised)

dmax (d max) = maximum overall difference from benchmark index

4 Theory

The theoretical context incorporated into the algorithm mainly involves the Mean-Variance

Analysis (part of the Nobel prize winning paper on Modern Portfolio Theory from Harry

Markowitz, 1952), which fundamental concept is that of Efficient Frontier. Addition-

ally, the Benchmark Exposure constraint and the Transaction Costs modelling, are also

elaborated.
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4.1 Mean-Variance Analysis

The Mean-Variance Analysis is based on the idea that there is a trade-off between the risk

and return in an investment. The more volatile (higher variance) an asset’s price is, the

higher its expected return, but in the same manner it could end up having huge losses.

Therefore, high expected return is associated with high risk and vice versa. Through

the Mean-Variance Analysis, portfolio managers group assets in a way to maximise the

overall expected return for a given level of risk, denoted by the portfolio’s variance.[8]

Figure 2: The Efficient Frontier curve: (a) optimal port-

folios (curve), (b) good portfolios (blue), (c) inefficient

portfolios (red), (d) the Minimum Variance Portfolio point

(green).

4.1.1 Efficient Frontier

The Efficient Frontier (EF) is the curve

showing the best possible portfolio mix-

tures that can be achieved with specific as-

sets regarding the risk-return trade-off. It

can be interpreted in two ways: it either

shows the maximum return possible that

can be achieved for a specific level of risk

or the minimum risk that can be achieved

for a specific return. An illustration can be

seen in Figure 1. All points on the right of

the curve are the possible good portfolios.

The optimal of them all are those as close

as possible to the EF curve. There is an

exception for all the points below the hor-

izontal line passing through the minimum variance point. For each one of these points,

the same amount of risk can be achieved with higher return (by moving upwards on the

graph) or the same amount or return can be achieved with lesser risk (by moving leftwards

on the graph). The goal of the portfolio managers is to set the portfolio weights in such a

way to be on the EF curve (if possible) according to the investors’ risk-return desires.[1][8]
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4.1.2 Minimum Variance Portfolio

The Minimum Variance Portfolio refers to a portfolio which assets are weighted in a way

to give the lowest possible overall portfolio variance. (Figure 1) This approach is used

whenever the investors want to “play it safe” and eliminate the exposure to volatility

(variance) without caring about how high the return would be. Mathematically this can

be expressed with the minimisation problem:

min{xTΣx|1Tx = 1}

Where for m assets in the portfolio: x,1 ∈ Rm and Σ ∈ Rm×m.[8]

4.2 Benchmark Exposure

Sometimes the portfolio managers want to assign the assets’ weights so as to stay relatively

close to a benchmark. For example, stock investors that pool stocks from a specific index

or index fund managers would like to closely follow the index market capitalisation weights

(or benchmark weights), such as of S&P 500.[7] Mathematically this can be expressed as:

|x− xb| ≤ dmax

Where x,xb ∈ Rm and dmax is the overall maximum wanted difference.

4.3 Transaction Costs

The transaction costs is the amount paid in order to perform a financial trade. The most

common transaction costs are fees and commissions that the institutions take in order to

perform the transaction on behalf of the investors. The transaction costs, even though

indirect, they should be taken into account and modelled appropriately as they can heavily

reduce the returns.[7][9] For example, when a portfolio update is to take place, some of the

optimal proposed weights might be very close to the initial ones making the transaction

costs higher than the actual transaction. Situations like that must be avoided.

Sometimes modelling the transaction costs might require complex nonlinear functions.

In this project the transaction costs are modelled with a constant term plus a percent-

age on the traded amount. These are similar to the conditions that individuals face on

their everyday investing through mediators (i.e. banks, brokers). Normally, a transaction
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is charged with: an amount coming from a percentage, that does not fall below a cer-

tain minimum, regardless of the overall traded amount. Usually the percentage is close

to 0.5% − 1%, while the lower bound amount is around £5−£12[10] (similar for other

currencies).[11]

In order to model the previously mentioned condition a piecewise function had to be

incorporated in the program. This would have harshly increased the algorithm’s compu-

tational effort and therefore it was avoided. By always including both the constant amount

and the percentage, the transaction costs calculated by the program are increased. This

is not a big issue, as:

(a) For very large amounts the constant amount is a small percentage of the overall

expense so its presence is not problematic. In the same manner for small amounts the

percentage has a tiny effect.

(b) The increased calculated transaction costs mean only that the investor will actually

pay less in reality keeping a small amount of money uninvested and free to use.

The transaction cost associated with the trading of χ(i) amount of asset i, modelled

with a constant plus a percentage, mathematically can be shown as:

TCi(χi) = αi|zi|+ βi|χ(i)|

Where αi and βi are the constant amount and the percentage respectively, and zi is the

indicator function for which we have:

zi =


1, χ(i) > 0

0, χ(i) = 0

−1, χ(i) < 0

The absolute value of the indicator function is taken as the transaction costs can only be

positive (paid by the investor) no matter what his move is: i.e. buying (positive χ(i)) or

selling (negative χ(i)). For the total transaction costs for a portfolio update we have:[7]

TC =
m∑
i=1

TCi = αT |z|+ βTχ

7



5 The Algorithm

The basic tool used for the code implementation is MATLAB. The set up is done through

a Main function which calls the optimal portfolio update function OptPUfunc. The optimi-

sation part is implemented using the convex programming software CVX and particularly

its semidefinite extension.

5.1 Main

All inputs are declared in the Main.1 Firstly, all the parameters related to the considered

assets are declared, these are: their number (m), expected returns vector (y), covariance

matrix (S) and prices vector (p). Secondly, the user’s desires on the risk-return trade-off

are set. These include the maximum accepted risk level (g), the minimum wanted overall

expected return (y0) and the risk-aversion coefficient (lambda). The risk-aversion coeffi-

cient (denoted λ) works as a regulator between the portfolio’s overall return and risk. By

setting its value the user chooses how much risk he wants to accept.2Thirdly, the initial

portfolio weights vector (x0) is inputted. In the case of zero initial investments all its en-

tries are set to zero. Additionally, the budget is set, constituted of two parts: the money

out of the market (to be invested) (c) and the initial invested budget (bt0). Next, the pa-

rameters regarding the transaction fees and charges are declared, these are: the constant

term (alpha), the percentage (beta) and the transaction costs aversion coefficient (ltc).

Similar to the risk-aversion coefficient, the transaction costs aversion coefficient (denoted

λTC), is a regulator between the overall return and the transaction costs. Through it the

user can choose how much “damage” the transaction costs will inflict to the overall return

amount.3 Finally, the benchmark characteristics are inputted, these are: the benchmark

index weights vector (xb) (normalised to the assets of our case) and the total accepted

differentiation amount (d max).

After all inputs are declared, in order to find the optimal policy, OptPUfunc function

is ran for all possible combinations of buy/sell/stay per asset. This is done with the use

of vector z (which then works as the indicator function-z inside OptPUfunc). After all

policies are found the one that gives the biggest overall return y0 is finally outputted.

1Shown fully in the Appendix.
2See Risk Aversion paragraph in section 5.2.1.
3See section 5.2.3.
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The pseudocode of these is as follows:

Data: zz=[-1,0,1]’

store all possible combinations of zz entries (for each asset) in matrix zzz;

for each column of zzz do
through OptPUfunc find y0;

end

store y0 for the first case to vector qq;

for a column less than those of zzz do

if y0 is larger than the previous then
store it in qq overwriting the previously stored;

end

end

5.2 Optimal Portfolio Update Function

The optimal portfolio update function OptPUfunc,4 has three main parts: (a) the optimi-

sation, (b) “discretisation” and (c) the transaction costs calculation part.

5.2.1 Optimisation

The optimisation part has three different versions according to the problem that is being

solved each time. As previously stated the user is given the freedom to choose between:

the maximisation of returns, the minimisation of the variance (risk) or through the use of

a risk-aversion coefficient λ choose a point in between. For each case a different function is

used, but as will be shown below, all three of them are just variations of the same concept.

Semidefinite programming is used. It requires both the expression to be optimised and

the constraints to be linear. Its difference from linear programming is that it allows the

constraint inequalities to have as elements positive semidefinite matrices.[12] In order to

meet the above requirements all nonlinear components (i.e. quadratic) were changed to

positive semidefinite matrices using the Schur complement.5

4Shown in the Appendix.

5The Schur complement states that: M =

[
A B

C D

]
, where: A ∈ Rm1×m1 , B ∈ Rm1×n1 , C ∈ Rn1×m1

and D ∈ Rn1×n1 invertible, is equivalent to: M
D

= A−BD−1C, where: M ∈ R(m1+n1)×(m1+n1) .[13]
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Max Return The optimisation that is being solved in order to maximise the overall

return (regardless of how much risk is taken6) is as follows:

1. max
xd

{y0} subject to:

2. yT (x0 + xd)− λTC

(
αT |z| · bt−1 + βT |z ◦ xd|

)
≥ y0

3.

 g (x + xd)T

(x + xd) Σ−1

 ≥ 0

4. 1T (x0 + xd) · bt + αT |z|+ βT |z ◦ xd| · bt ≤ bt

5. 0 ≤ x0(i) + xd(i) ≤ 1, ∀i = 1, . . . ,m

6. 0 ≤ 1T (x0 + xd) ≤ 1

7.
(
z(i) = 0→ xd(i) = 0

)
, i = 1, . . . ,m(

z(i) = 1→ xd(i) ∈ [0, 1]
)
, i = 1, . . . ,m(

z(i) = −1→ xd(i) ∈ [−1, 0]
)
, i = 1, . . . ,m

8.

 dmax (x0 + xd − xb)T

(x0 + xd − xb) Im

 ≥ 0

Each of the above lines is explained below.

1. This is a maximisation of the overall return (denoted as y0) and the variable that

changes is the proportions of the portfolio update vector (denoted as xd).

2. The left hand side on this inequality is the expression to be maximised. Instead of

putting it on top, the overall return y0 is maximised and everything must be greater

or equal to it, which practically is the same thing. In this expression the updated

portfolio’s return is “damaged” with the transaction costs which are controlled by

the transaction costs aversion coefficient (λTC).7

6There is an upper bound accepted risk amount (g) that is given by the user in Main.
7For detailed explanation of - λTC - the transaction costs aversion coefficient see section 5.2.3.
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3. This is the inequality that ensures that the updated portfolio’s variance will stay

below the lower level g:

(x0 + xd)TΣ(x0 + xd) ≥ g

Then by using the Schur complement we end up to the constraint (3) in the optimi-

sation.

4. This constraint ensures that the amount that invested with the updated portfolio

(1T (x0 + xd) · bt), plus the transaction costs spent are less than the initial total

budget.

5. This simply indicates that each entry in the updated portfolio is assigned a reason-

able value. As the entries are percentages they should be in [0, 1].

6. Similar to the above, but this time the sum of all entries should be in [0, 1] as it

refers to the percentage of the portfolio as a whole. (i.e. percentage of the overall

budget)

7. Through this condition the indicator function (created through the Main) is inputted

in the optimisation. The entries of the vector z control what the entries of the update

vector xd are. For a z’s zero entry the updated proportion for that specific asset is

set to zero. Whenever z(i) is in {−1, 1}, the update vector’s entry is assigned with

the same sign.

8. This is the benchmark tracking constraint. Instead of the actual magnitude of the

deviations vector
(
(x0 + xd)− xb

)
its square is minimised. This is expressed as the

inner product of the vector with itself:(
(x0 + xd)− xb

)T (
(x0 + xd)− xb

)
≤ dmax

Which then same as to (3) by using the Schur complement it is turned to inequality

(8).
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Min Variance The optimisation aiming to minimise the portfolio variance (or risk)

regardless of the overall expected return8 is only slightly different from the previous case.

The only difference concerns the type of optimisation that it is being solved. In this case

we have the minimisation rather than a maximisation. The variable being minimised is

g. Therefore, the optimisation problem is posed as: min
xd

{g} and everything else stays the

same.

Risk Aversion In this case a maximisation problem is being solved. Now instead of

maximising only the overall return (y0), the variance term is also added in the expression

multiplied by λ - the risk aversion coefficient. This is written as:

max
xd

{
(x0 + xd)Ty − λ(x0 + xd)TΣ(x0 + xd)− λTC

(
αT |z| · bt−1 + βT |z ◦ xd|

)}
Comparing with the Max Return case; their only difference is that the above takes the

place of line (1), while the lines (2) and (3) are removed. (they are actually incorporated

in the expression)

The risk aversion coefficient (λ) is a real positive number which value is set by the user.

Its purpose is to control the weighing of the optimisation on risk (portfolio’s variance).

The higher its value is, the more risk averse portfolios the optimisation will output. For

example, for a high λ the optimisation will settle to a relatively non-risky portfolio making

the overall expected return somewhat smaller. The trade-off here is that an amount of

potential expected return is sacrificed in order to make the rest of returns more secure.

The opposite happens for low values of λ. The risk aversion coefficient is normally within

the range of [2 − 3]. All values approximately below 1.5 are considered too risky and

therefore are avoided.[14] In this project the risk aversion coefficient was not used, instead

it was broken into the two parts of Max Return and Min Variance. In this way not

only its effect was explored (in an indirect way) but also the results in each case were seen

into more detail.

5.2.2 Discretisation

The optimisation outputs portfolio update vectors (xd) with entries that do not match

discrete asset amounts. In order to fix this, the final portfolio (x0+xd) is multiplied with

8There is a lower bound on the overall wanted return (y0) that is inputted by the user in Main.
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the total available budget (bt-tc0)9to get the non-discretised amounts to be invested.

Then for each asset, its non-discrete amount is compared with the geometric sequence:

[quantity]×[price]. Finally, the greater term of the sequence that is less than the non-

discrete amount is stored in the final portfolio amounts vector chi.

In order to perform the above, the difference of the discretised from the non-discretised

amount is left uninvested. This amount is within the sum of unit prices per asset. This

is not very troubling as the amount per asset that is left out of market is within its unit

price. A similar situation where there was an uninvested amount left was seen in section

4.3 regarding the modelling of the transaction costs.

The “discretisation” code part 10 can be shown with the pseudocode below:

for every asset do
initialise quantity;

while quantity×price is less the suggested (non-discretised) amount do
increase quantity;

end

if quantity less or equal to zero then
set the final portfolio amounts vector entry to zero;

else

if indicator function entry is zero then

set the final portfolio amounts vector entry to the initial amount (no

change);

else if indicator function entry is in {−1, 1} then

set the final portfolio amounts vector entry to (quantity−1)×price;

end

end

5.2.3 Transaction Costs

The transaction costs appear in three instances in the optimal portfolio update function

OptPUfunc. Firstly, they are incorporated in the optimisation part of the code. In this

way, the optimisation outputs the optimal update vector with them taken into account.

9For tc0 see section 5.2.3.
10See the Appendix for the full “discretisation” code.
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In the code transaction costs are shown as:

ltc*((alpha/bt)’*abs(z)+beta’*(z.*xd))

The above expression is the same with the one for the total transaction costs in section 4.3

(with (z.*xd) playing the role of the traded amount vector) except everything is divided

with the total budget in order to meet the optimisation’s needs. Whenever the transaction

costs are incorporated in the code, their amount (tc) and the portfolio amounts vectors

(chi) are expressed as percentages of the total budget (bt). The transaction costs term

is controlled by the transaction costs aversion coefficient (λTC).

The transaction costs aversion coefficient - λTC , similar to the risk aversion coefficient

is a real positive set by the user. Its function is to control the weighing of the optimisation

on transaction costs. The higher it is, the smaller the transaction volumes are ensuring

more conservative updates with smaller transaction costs. For λTC small the optimisation

does not take into account the amount spent for the transaction rather than only maximis-

ing the return on the investment. Small λTC are also used whenever the investor wants

to liquify its investments (i.e. in times of financial turbulence when all expected returns

become negative). In this case, the optimisation will basically suggest to “sell everything”

merely taking into account how much will be spent in order to perform the transaction.

The transaction costs aversion coefficient dissimilar to the risk aversion coefficient ranges

from zero to infinity according to the desires of the user.[7]

After the optimisation is finished the above amount is stored in the variable tc0. The

amount spent in transaction costs are not available in the total budget after the update has

taken place. For this reason, in the “discretisation” part of the code the available budget is

stated as (bt-tc0). Finally, the transaction costs are calculated after the “discretisation”

for the final actual amounts that will be traded (tc).

6 Experiments

Some experiments were carried out in order to demonstrate the full range of capabilities

of the algorithm. Pieces of the program were isolated and tested independently in order to

measure how some specific input parameters affected the overall result. The experiments

include: the extraction of EF, the illustration of the benchmark constraint effect, how
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the number of assets affect the portfolio’s variance and the effect of the transaction costs

aversion coefficient λTC .

For the showcase purposes the stocks of Procter and Gamble Company (PG/$83.35), Key-

Corp. (KEY/$11.65) and Apple Inc. (AAPL/$97.46),11 all parts of the S&P 500 index,

were used. They are characterised as low, medium and medium-high risky, respectively.

Past figures, up to the 15th of November 1987,12 were downloaded into Excel spreadsheets.

The returns were calculated from the daily open/close prices from which the covariance

matrix was calculated.[15][16][17] (shown on Table 1)

PG KEY AAPL

PG 0.00015241 0.00006108 0.00005548

KEY 0.00006108 0.00050032 0.00010811

AAPL 0.00005548 0.00010811 0.00057614

Table 1: Covariance Matrix of PG, KEY, AAPL.

Estimations for their 12-month forward expected returns were also found on the web.[18][19][20]

Finally, their weights on the S&P 500 index, needed for the creation of the benchmark

vector, were also obtained.[21] (Table 2)

PG KEY AAPL

12-month Forward Expected Returns 1.98% 20.17% 23.13%

Benchmark Vector Weights 0.284902524 0.013046969 0.702050507

Table 2: Expected Returns/Benchmark Weights for PG, KEY, AAPL.

This small three-asset portfolio, even though it can not resemble a real life thirty-asset

one, is a good example to experiment and draw conclusions on.[2]

6.1 Efficient Frontier

For the calculation of the EF only the Max Return algorithm was used.13 It was isolated

from the benchmark, transaction costs and discretisation effects. Increasing values of the

upper bound portfolio variance g were inputted, where the maximum return for each case

11Prices at the opening of the 15th of June 2016.
12This was the day that KEY was traded on the market for the first time. The other two companies’

shares were being traded from before. This date was chosen in order to fully match day-by-day the past

trading period and perform the statistics accurately.
13See Appendix 1.
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was extracted. Total of 160 points were used. The range for g was between the lowest

possible (within the range of ±10−7) that these assets could achieve and a value that the

portfolio was being fully risky (i.e. 100% invested in AAPL).

Figure 3: Efficient Frontier for PG, KEY, AAPL.

In Figure 3 the increase of the maximum expected return as the risk (variance) is in-

creased can be seen. For a larger number of assets the curve becomes more smooth. The

curve has as limit the expected return of the riskiest one (AAPL in this case: ≈ 23%)

which is also the highest.[20] Ten points on the curve were chosen in order to exhibit how

the portfolio weights change as the accepted portfolio risk increases. (Figure 4)

Figure 4: Portfolio weights for g in the range [0.00012768, 0.00056184].
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From the above figure it can be observed that as the user accepts to tolerate more risk on

the investment the weights in the portfolio accumulate more on the risky assets. For the

less risky case it can be seen that PG (less risky) is chosen for ≈ 75%, while for the most

risky case the entire portfolio is constituted only out of AAPL (most risky).

6.2 Benchmark Constraint Effect

The second experiment involved the effect of the benchmark constraint on the portfolio

weights and overall return. Again only Max Return algorithm was used.14 Five of the

points used in Figure 4 were used as examples in order to demonstrate the behaviour of

the expected return as the distance from the benchmark vector was increasing. The range

of d max was from 0.024961 (where the change on results started being observable), until

a maximum value (= 0.27) that the constraint’s role was minimal.

(a) (b)

Figure 5: The benchmark constraint effect for low accepted upper bound variance.

Specifically, the points used had variances (×10−4) of: 1.7592 (Figure 5.a), 2.7240 (Figure

5.b), 3.6888 (Figure 6.a), 4.6536 (Figure 6.b). In all figures it can be seen that as d max

increases the expected return also increases. As the effect of the constraint diminishes the

expected returns (and therefore portfolio weights) approach the EF’s optimal values. In

Figures 6 (a) and (b) it can be seen that the expected returns hit the maximum possible

value (portfolio constituted 100% by AAPL). In Figures 5 (a) and (b) the curves are

smoother. This happens as the weights in the portfolio are more equally distributed

14See Appendix 1.
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(a) (b)

Figure 6: The benchmark constraint effect for high accepted upper bound variance.

(lower variance portfolios). In those cases, larger d max is needed in order to make them

approach their maximum. The more risk is involved the more abruptly the curves reach

their upper bound.

6.3 Portfolio Variance & Number of Assets

For the experiment of how the number of assets affect the portfolio variance the Min

Variance algorithm was used.15 In MATLAB 36 assets with randomised statistics were

created.16 In each iteration the program was taking one more asset into account, perform-

ing the optimisation for different expected returns (y0) in each case (Figure 7, vertically

aligned points). In Figure 7 it can be seen that the portfolio variance (which involves the

non-systematic risk) tends to zero as the number of assets increase.[1]

15See Appendix 1.
16Their covariance matrix and expected returns vector can be seen in Appendix 2.
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Figure 7: Portfolio Variance as the number of included assets increases.

6.4 Transaction Costs Aversion Coefficient Effect

For the final individual experiment the Max Return algorithm including the transaction

costs constraints was used.17 The purpose was to observe the effect of the transaction

costs aversion coefficient (ltc) on the optimal decision that the optimisation outputs.

It is known that as it increases the program weighs more the transaction costs. The

transaction costs model coefficients were: $1 for alpha and 0.5% for beta.18 For this

reason the algorithm was ran for fifty times for (ltc) increasing from 0 to 49. As expected,

as (ltc) increased the optimisation was outputting smaller overall trade moves, reducing

the transaction costs volume (Figure 8.a) and the overall return (Figrure 8.b).

17See Appendix 1.
18This pricing model was taken from the website of electronic brokerage company Interactive Brokers.[11]
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(a) (b)

Figure 8: The effect of the increasing transaction costs aversion coefficient: (a) on the transaction costs volume and

(b) on the overall expected return.

7 Real Life Case Study

In this section the algorithm was ran in its full version resembling real life situations.19

The benchmark effect, the transaction costs and the “discretisation” code, along with the

Max Return optimisation were all put together. Both cases of either starting a new

investment position or updating an old one were explored. The same assets as before were

used (figures illustrated in Tables 1 & 2) as if a move was to be made on the 15th of June

2016.

7.1 Starting New Investment Position

The set-up used for the representation of the “starting a new investment position” case

can be seen in the table below:

Name Symbol Value

Maximum Accepted Variance g 0.0005

Transaction Costs Aversion coefficient ltc 5

Maximum Distance from Benchmark d max 0.01

Total Budget (uninvested) c $10000

Number of Assets previously held num0 0 per asset

Table 3: Set-up for the new investment case.

19Shown fully commented in Appendix 1.
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The results after the execution of the code are illustrated below:

Name Symbol Value

Number of each asset bought num [24, 36, 76]

Transaction Costs amount spent tc $52.1338

Total Budget Invested (final) numt’*p $9826.8

Total Budget Uninvested (final) bt-(e’*chi+tc) $121.1062

New Portfolio Return y1 18.37%

Table 4: Results for new investment case.

7.2 Portfolio Update

The set-up used for the representation of the updating of an already existing invested

position case can be seen in the table below:

Name Symbol Value

Maximum Accepted Variance g 0.0004

Transaction Costs Aversion coefficient ltc 5

Maximum Distance from Benchmark d max 0.06

Budget (uninvested) c $2000

Number of Assets previously held num0 [100, 50, 25]

Budget Invested (initially) num0’*p $11354

Table 5: Set-up for the portfolio update case.

The results after the execution of the code are illustrated below:

Name Symbol Value

Quantities Update Vector num [−87, 82, 83]

Transaction Costs amount spent tc $68.7351

Number of Assets Invested (final) numt [13, 132, 108]

Total Budget Invested (final) numt’*p $13147

Total Budget Uninvested (final) bt-(e’*chi+tc) $138.2349

New Portfolio Return y1 20.71%

Table 6: Results for the portfolio update case.
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8 Future Work

As far as future work is concerned the algorithm could generally become faster requiring

less computational effort. This will also help for the instances at which some money is

undesirably left uinvested. With a faster algorithm recursive methods could be applied in

order to get as close as possible to the optimal result. Another addition is to make the

extraction of past figures and statistics from the web via a specially programmed script.

Transaction Costs In the transaction costs modelling an additional quadratic term

could be added. In this way it would resemble real world complex pricing patterns. For

example the case of a huge demand of a particular asset could be incorporated with a

threshold on the number of items (i.e. shares). The algorithm could also become available

on treating piecewise transaction costs functions. A way to achieve this is by making the

indicator function, instead of only buy/sell/stay, have more segments that cover specific

percentages on the total transaction volume.

Derivatives The algorithm could be made to handle derivatives too. Extra code part

will be needed in order to handle the complex derivatives’ return functions. The compa-

rably easier ones to be modelled are the futures contracts.[1]
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10 Appendix 1

10.1 MATLAB MaxReturn Optimisation Function

function [y0,x]= maxReturn(m,g,y,S,xb,d_max)

cvx_begin sdp

% Vector of ones (according to the number of products)

e=ones(m,1);

% Variance upper bound (to be minimised)

variable y0(1);

% Set vector of choice percentages

variable x(m);

% Maximise the return

maximize(y0);

subject to

% Keep the portfolio variance below the upper bound "g"

[g,x’;

x,inv(S)]>=0;

% All choice percentages add up to 1

e’*x==1;

% Keep the return above the lower bound "y0"

y’*x-y0 >=0;

% Keep all choice percentages in the interval [0,1] to make sense

for i=1:m,

x(i)>=0;

x(i)<=1;

end

cvx_end

end
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10.2 MATLAB MinVar Optimisation Function

function [g,x]= minVar(m,y0,yy,SS)

cvx_begin sdp

% Vector of ones (according to the number of products)

e=ones(m,1);

% Variance upper bound (to be minimised)

variable g(1);

% Set vector of choice percentages

variable x(m);

% Minimize the variance

minimize(g);

subject to

% Keep the portfolio variance below the upper bound "g"

[g,x’;

x,inv(SS)]>=0;

% All choice percentages add up to 1

e’*x==1;

% Keep the return above the lower bound "y0"

yy ’*x-y0 >=0;

% Keep all choice percentages in the interval [0,1] to make sense

for i=1:m,

x(i)>=0;

x(i)<=1;

end

cvx_end

end
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10.3 MATLAB Experiment 1 Main

clear all; clc;

m=3; % Number of assets

g=0.00058; % Portfolio Variance , upper bound (upper to show experiment)

% g=0.0001277; % Portfolio Variance , upper bound (lower possible)

d_max =0.5; % Index Difference , upper bound threshold

% Returns

y=[0.0198;0.2017;0.2313];

% Covariance matrix

S=[0.00015241 0.00006108 0.00005548;

0.00006108 0.00050032 0.00010811;

0.00005548 0.00010811 0.00057614];

% Vector for the index percentage values

xb =[0.284902524; 0.013046969; 0.702050507];

hold on;

for i=0:159

g=0.00012768+i*0.000003015;

[y0 ,x]= maxReturn(m,g,y,S,xb,d_max );

if i==0||i==16||i==32||i==48||i==64||i==80||i==96||i==112||i==128||

i==144

q1((i+16)/16 ,1:3)=x’;

qv1(1,(i+16)/16)=g;

yv1(1,(i+16)/16)= y0;

end

plot(g,y0,’*’);

end
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title(’Efficient Frontier - PG,KEY ,AAPL (maxReturn , 160 points)’)

xlabel(’Risk’) % x-axis label

ylabel(’Expected Return ’) % y-axis label

hold off;

figure

bar(q1 ,1.1);

ylim ([0 1]);

xlim ([0.5 10.5]);

title(’Portfolio Weights - PG,KEY ,AAPL - g=0.00012768:0.00056184 ’)

set(gca ,’XTickLabel ’,{’1.2768 ’, ’1.7592 ’, ’2.2416 ’, ’2.7240 ’, ’3.2064 ’,

’3.6888 ’, ’4.1712 ’, ’4.6536 ’, ’5.1360 ’, ’5.6184 ’})

xlabel(’Max Return Portfolios (variance x10^-^4)’) % x-axis label

ylabel(’Weights ’) % y-axis label

legend(’PG’,’KEY’,’AAPL’,’Location ’,’north’,’Orientation ’,’horizontal ’);

grid on;

10.4 MATLAB Experiment 2 Main

clear all; clc;

m=3; % Number of assets

% d_max =0.024961; % Index Difference , upper bound threshold (lower possible)

d_max =0.25;

% Vector of returns

y=[0.0198;0.2017;0.2313];

% Covariance matrix

S=[0.00015241 0.00006108 0.00005548;

0.00006108 0.00050032 0.00010811;

0.00005548 0.00010811 0.00057614];
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% Set examples of portfolio variances

for k=0:9

g(k+1 ,1)=0.00012768+k*(16*0.000003015);

end

% Vector for the index percentage values

xb =[0.284902524; 0.013046969; 0.702050507];

for i=1:5

figure

hold on;

for j=0:99

d_max =0.024961+j*0.00247539;

[y0 ,x]= maxReturn(m,g(2*i,1),y,S,xb,d_max );

plot(d_max ,y0 ,’*’);

end

ylim ([0.14 0.235]);

title(’Benchmark Constraint Effect - PG,KEY ,AAPL (maxReturn , 100 points)’)

xlabel(’Distance from Benchmark ’) % x-axis label

ylabel(’Expected Return ’) % y-axis label

hold off;

end

10.5 MATLAB Experiment 3 Main

clear all; clc;

% Number of assets

m=36;

% Generate a random vector of returns

y=abs(randn(m,1));

% Overall return , lower bound

y0=sum(y)/m; y0p=y0/3;

% Generate a random Covariance matrix
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S=randn(m); S=S*S’;

for j=1:5

y0=j*y0p;

for i=2:36

yy=y(1:i,1);

SS=S(1:i,1:i);

% Run the minimum variance algorithm

[g,x]= minVar(i,y0 ,yy,SS);

gg(j,i)=g;

end

end

C = {’m’,’b’,’r’,’g’,’y’ ,[.5 .6 .7] ,[.8 .2 .6] ,[.4 .5 .1],

[.1 .6 .7],’m’,’b’,’r’,’g’,’y’ ,[.5 .6 .7] ,[.8 .2 .6],

[.4 .5 .1] ,[.1 .6 .7],’m’,’b’,’r’,’g’,’y’ ,[.5 .6 .7],

[.8 .2 .6] ,[.4 .5 .1] ,[.1 .6 .7],’m’,’b’,’r’,’g’,’y’,

[.5 .6 .7] ,[.8 .2 .6] ,[.4 .5 .1] ,[.1 .6 .7]};

grid on;

hold on;

for k=2:36

plot(k,gg(:,k),’*’,’Color ’,C{k});

end

xlim ([2 36]);

xlabel(’Number of Assets ’) % x-axis label

ylabel(’Portfolio Variance (Risk)’) % y-axis label

hold off;

10.6 MATLAB Experiment 4 Main

clear all; clc;

m=3; % Number of assets

g=0.00012768; % Portfolio Variance , upper bound

% Generate vector of ones

e=ones(m,1);
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% Returns

y=[0.0198;0.2017;0.2313];

% Covariance matrix

S=[0.00015241 0.00006108 0.00005548;

0.00006108 0.00050032 0.00010811;

0.00005548 0.00010811 0.00057614];

%--------------------INITIAL -PORTFOLIO ----------------------------

% Prices vectors

p=[83.35; 11.65; 97.46];

% Total budget;

bt =10000;

%--------------------T.COSTS -QUADRATIC -MODEL ----------------------

% Generate alpha vector

alpha =1* ones(m,1);

% Generate beta vector

beta =0.005* ones(m,1);

%-----------------------------------------------------------------

%--------------------OPTIMISATION ---------------------------------

z=ones(m,1);

for k=0:49

% Transaction Costs Aversion Coefficient

ltc=1*k;

[x,y0 ,tc]= maxReturn(bt,m,g,y,S,alpha ,beta ,z,ltc);

o(1,k+1)=y0;

o(2,k+1)= ltc;

o(3,k+1)=tc;

o(4:m+3,k+1)=x(1:m,1);
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end

plot(o(2 ,1:40),o(1 ,1:40));

title(’Expected Return vs \lambda_T_C ’)

xlabel(’Transaction Costs Aversion - \lambda_T_C ’) % x-axis label

ylabel(’Expected Return ’) % y-axis label

figure

plot(o(2 ,1:40),o(3 ,1:40));

title(’Transaction Costs vs \lambda_T_C ’)

xlabel(’Transaction Costs Aversion - \lambda_T_C ’) % x-axis label

ylabel(’Transaction Costs’) % y-axis label

10.7 MATLAB Experiment 4 MaxReturn

function [x,y0,tc]= maxReturn(bt,m,g,y,S,alpha ,beta ,z,ltc)

cvx_begin sdp

% Vector of ones (according to the number of products)

e=ones(m,1);

% Overall Return lower bound (to be maximised)

variable y0(1);

% Set vector for portfolio weights

variable x(m);

% Maximise the overall return

maximize(y0)

subject to

%

y’*x-ltc *(( alpha/bt)’*abs(z))-(ltc*beta ’*(z.*x))-y0 >=0;

% Keep the portfolio variance below the upper bound "g"

[g,x’;

x,inv(S)]>=0;
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%

x’*e*bt+alpha ’*abs(z)+bt*beta ’*(z.*x)<=bt;

%

for jj=1:m

x(jj)>=0;

x(jj)<=1;

end

%

e’*x>=0;

e’*x<=1;

%

for ii=1:m

if z(ii)==0

x(ii )==0;

elseif z(ii)==1

x(ii)>=0;

x(ii)<=1;

elseif z(ii)==-1

x(ii)<=0;

x(ii)>=-1;

end

end

cvx_end

tc=alpha ’*abs(z)+beta ’*(z.*x)*bt;

y0=y’*x;

end

10.8 MATLAB Case Study Main

clear all; clc;

m=3; % Number of assets

ltc=5; % Transaction Costs Aversion Coefficient

g=0.0004; % Portfolio Variance , upper bound
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% Generate vector of ones

e=ones(m,1);

% Set vector of returns

y=[0.0198;0.2017;0.2313];

% Set the covariance matrix

S=[ 0.00015241 0.00006108 0.00005548;

0.00006108 0.00050032 0.00010811;

0.00005548 0.00010811 0.00057614];

%--------------------INITIAL -PORTFOLIO ----------------------------

% Set initial portfolio asset numbers

num0 =[100;50;25];

% num0=zeros(m,1);

% Set the considered asset prices vector

p=[83.35; 11.65; 97.46];

% Unused Extra Budget

c=2000;

% Budget initially invested

bt0=num0 ’*p;

% Total budget;

bt=bt0+c;

% Set initial portfolio weights

x0=num0.*p/bt;

% x0=zeros(m,1);
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%--------------------T.COSTS -QUADRATIC -MODEL ----------------------

% Generate alpha (constant) vector

alpha =1* ones(m,1);

% Generate beta (percentage) vector

beta =0.005* ones(m,1);

%--------------------INDEX ----------------------------------------

% Set vector for the index percentage values

xb =[0.284902524; 0.013046969; 0.702050507];

% Index Difference , upper bound threshold

d_max =0.06;

%-----------------------------------------------------------------

%--------------------OPTIMISATION ---------------------------------

% Set up the indicator function vector pool

zz=[-1,0,1]’;

zzz=allcomb(zz ,zz ,zz);

% Run the optimal portfolio function for each indicator function vector

for ii =1:3^m

z=zzz(ii ,:)’;

[y1 ,xd ,tc,chi ,num ,numt]= OptPUfunc(bt,m,g,x0,y,p,num0 ,S,alpha ,beta ,

z,xb ,d_max ,ltc);

% Store the results

o(1,ii)=y1;

o(2:m+1,ii)=xd(1:m,1);

o(m+2:2*m+1,ii)=chi(1:m,1);

o(2*m+2:3*m+1,ii)=num;

o(3*m+2:4*m+1,ii)=numt;

o(4*m+2,ii)=tc;
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o(4*m+3:5*m+2,ii)=z;

end

% Find the case where the overall return is maximum

qq(: ,1)=o(:,1);

for jj =1:(3^m)-1

if o(1,jj+1)>o(1,jj)

qq(: ,1)=o(:,jj+1);

end

end

y1=qq(1 ,1); % Store the overall expected return

xd=qq(2:m+1,1); % Store the update portfolio weights vector

chi=qq(m+2:2*m+1,1); % Store the updated portfolio amounts vector

num=qq(2*m+2:3*m+1,1); % Store the traded asset quantities vector

numt=qq(3*m+2:4*m+1 ,1); % Store the updated invested asset quantities

tc=qq(4*m+2,1); % Store the total transaction costs

z=qq(4*m+3:5*m+2 ,1); % Store the chosen indicator function vector

10.9 MATLAB Case Study OptPUfunc Function (Max Return full vers.)

function [y1,xd,tc,chi ,num ,numt]= OptPUfunc(bt,m,g,x0,y,p,num0 ,S,alpha ,beta ,

z,xb ,d_max ,ltc);

cvx_begin sdp

% Vector of ones (according to the number of products)

e=ones(m,1);

% Overall Return lower bound (to be maximised)

variable y0(1);

% Set vector of differences

variable xd(m);
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%-------------------------------------------------------------------

% Maximise the overall return

maximize(y0)

subject to

% Maximise the expression of returns , "damaged" by transaction costs

y’*(x0+xd)-ltc*( alpha/bt)’*abs(z)-ltc*beta ’*(z.*xd)-y0 >=0;

% Keep the portfolio variance below the upper bound "g"

[g,(x0+(xd))’;

(x0+(xd)),inv(S)] >=0;

% The line below is equivalent to the:

% The amount to be sold minus the amount to be bought

% less or equal to the initially uninvested amount

(x0+xd)’*e*bt+alpha ’*abs(z)+bt*beta ’*(z.*xd)<=bt;

% Final weights have reasonable values

for jj=1:m

x0(jj)+xd(jj)>=0;

x0(jj)+xd(jj)<=1;

end

% Final overall portfolios have reasonable sums

e’*(x0+xd)>=0;

e’*(x0+xd)<=1;

% Indicator Function perform as stated

for ii=1:m

if z(ii)==0

xd(ii)==0;
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elseif z(ii)==1

xd(ii)>=0;xd(ii)<=1;

elseif z(ii)==-1

xd(ii)<=0;xd(ii)>=-1;

end

end

% Track the index with a difference upper bound "d_max"

[d_max ,(x0+xd-xb)’;

(x0+xd -xb),eye(m)] >=0;

cvx_end

% Transaction Costs (before discretisation)

tc0=alpha ’*abs(z)+beta ’*(z.*xd)*bt;

%--------DISCRETISATION ---------------------------------------------

for i=1:m

j=0;

% Stay on the line (# assets)x(price)

% Increase number until suggested portion is met

while j*p(i)<(x0(i)+xd(i))*(bt-tc0)

j=j+1;

end

% Store the below -level amount only , on chi_d

if j<=0

chi(i ,1)=0;

else

if z(i)==0

chi(i,1)= num0(i)*p(i);

elseif z(i)==1 || z(i)==-1

38



chi(i ,1)=(j-1)*p(i);

end

end

end

% Find the number of items per asset vector

numt=chi./p;

% Calculate the update quantities vector

num=numt -num0;

% Calculate final transaction costs

tc=alpha ’*abs(z)+beta ’*abs(chi);

% Return final overall return changed to the new traded amounts

y1=(chi ’*y)/bt;

end
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11 Appendix 2

Figure 9: Expected Returns vector for 36 randomised assets.
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Figure 10: Covariance Matrix for 36 randomised assets.
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